N-SOLITON STATES OF THE FPU LATTICES 



TETSU MIZUMACHI 

Abstract. In this paper, we prove existence and uniqueness of solutions to the Fermi Pasta 
Ulam lattice equation that converge to a sum of co-propagating TV solitary waves as t — > oo 
using linear stability property of multi-soliton like solutions in an exponentially weighted 
space proved by Mizumachi [17] • Counter-propagating two soliton states have been studied 
by [Hoffman and Wayne, Asymptotic two-soliton solutions in the Fermi-Pasta-Ulam model, 
J. Dynam. Differential Equations 21 (2009), 343-351]. 



1. Introduction 

In this paper, we prove existence and uniqueness of iV-soliton like solutions to FPU lattices 

(1.1) q(t, n) = V'(q(t, n + 1) - q(t, n)) - V'{q(t, n) - q(t, n - 1)) for G R and n 6 Z 

which models an infinite chain of anharmonic oscillators with nearest-neighbor interaction 
potential V. Making use of the change of variables 

p(t, n) = q(t, n) r(t, n) = q(t, n + 1) — q(t, n), 

we can translate (jl.ip into a Hamiltonian system 

(1.2) ^ = JH'{u), 
( o e 9 — l\ 

where J = ( _ d n J , e ±d are the shift operators defined by (e ±d )f(n) = f(n ± 1) 



1 - e~° 



and 



H(u(t)) = ( 7^P(^ n ) 2 + V(r(t,n)) J (Hamiltonian). 



ir- 



FPU lattices have solitary waves due to a balance between nonlinearity and dispersion 
caused by discreteness of a spatial variable. Friesecke and Wattis [6j prove that (|1.2p has two 
parameter family of solitary wave solutions {u c (n — ct — 7) : c € (—00, —1) U (1, 00), 7 € R}, 

where u c = I I is a solution of 

w 

(1.3) cd x u c + JH'{u c ) = 0. 
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In [3 [U |5] , Friesecke and Pego prove stability of 1-soliton solutions of FPU lattices in an 
exponentially weighted space that are biased in the direction of motion of solitary waves. 
They utilize the fact the main solitary wave of a solution to (jl,2p outruns from the other part 
of solutions. Mizumachi [16] has shown that 1-solitons of (|1.2|) are stable to perturbation in 
the energy class. 

If V(r) = a(e br - 1 - br) and ab > 0, then (TO]) is an integrable system so-called Toda 
lattice and has explicit iV-soliton solutions (see [19J). That is, Toda lattice has a family of 
solutions which converge to a sum of N solitary waves as t — > ±oo and solitary waves do not 
change their shape by collision. However, it is not obvious whether multi-soliton like solutions 
can exist stably in the non-integrable case. 

Existence and uniqueness of asymptotic iV-soliton states of generalized KdV equations has 
been proved by Martel [TT] (see also [I2])- His idea is to use stability theory of multi-solitons by 
Martel-Merle-Tsai [15] and monotonicity properties of localized L 2 norms to ensure uniqueness 
of the asymptotic iV-soliton states. Recently, Martel and Merle [13\ [H] prove that nonlinear 
interaction between solitary waves causes defect of solitary waves in a setting different from 
nearly integrable cases (see e.g. Hiraoka and Kodama [10J). 

One of the difference between FPU lattices and the KdV equation is that a solitary wave 
of FPU lattices cannot be characterized as a critical point of a conserved quantity due to 
the lack of infinitesimal invariance of the spatial variable. Developing the method of [2j 
El HI [5], Hoffman and Wayne [8] studied stability and head-on collision of 2-soliton states 
waves propagating to the opposite direction. They also prove the existence of solutions that 
converge to a sum of counter-propagating solitary waves (see [9]). If solitary waves move to 
the same direction, the interaction through their tales are effective for a longer period and we 
cannot derive strong linear stability of co-propagating multi-solitons from [U [5] as was done 
by Hoffman and Wayne [8 , 9j . Recently, Mizumachi [17] has proved stability of co-propagating 
iV-soliton like solutions. 

In this paper, we prove existence and uniqueness of solutions which converge to a sum of 
N solitary waves moving to the same direction replacing the variational argument of Martel 
[TT] by the strong linear stability property of multi-solitons in exponentially weighted spaces 
proved in [TT] . 

Now, let us introduce our result. 

Theorem 1.1. Suppose 

(HI) V €C°°(R;M.), V(0) = V'(0) = 0, V"{0) = 1, V"(0) = 

Let /ctv > • • • > &i > and c^-j. = 1 + ^ ki ^ for 1 < i < N. There exists a positive number eq 
such that for any e E (0,£q) and 7^+ 6l(l<i< N), there exists a unique solution u(t) of 
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1.2p satisfying 



(1.4) 



lim 

t— >oo 



U(;t) 



N 

E 



a, 



7i,+) 



0. 



/ 2 



Furthermore, there exists a (3 > suc/i i/iai 

2V 



J1.5) 



,i) -J^ - c »,+*-7i,+) 



=1 



as t 



oo, 



where h(t) = mm{(cj j+ — Cj^\ i+ )t + 7^4. — 7j_i,+ | 2 < j < N}. 

Our plan of the present paper is as follows: In Section [21 we will show uniform boundedness 
of a sequence {u n (t)} n ^, where u n (t) is a solution of (|1.2p which equals to a sum of N solitary 
waves at t = n. Since the interaction between co-propagating solitary waves are not strongly 
localized in space as counter-propagating 2-solitons, co-propagating solitary waves cannot be 
expected to be bounded in e _a l ri 'Z 2 and the compactness argument of [9] does not work. In 
Section [3l we will use monotonicity of localized norms of u m (t) — u n (t) to prove {u n }^ =1 
is a Cauchy sequence in I 2 . Using estimates obtained in Section [3j we prove uniqueness of 
solutions that converges to an iV-soliton state in Section HI 

In this paper, we will use the following properties of solitary wave solutions proved by [2]. 

(PI) Let c, > 1 be a constant sufficiently close to 1. For any c G (l,c*], there exists a 
unique single hump solution u c of (I1.3P in I 2 up to translation in x. 

(P2) There exists an open interval / such that V"(r) > for every r £ I and that 
{r c (x) : x 6 R} C / for every c € (1, 1 + c*]. 

(P3) The solitary wave energy H(u c ) satisfies dH(u c )/dc 7^ for c G (1, c*]. 

(P4) As c tends to 1, a shape of solitary wave solution becomes similar to that of a KdV 
1-soliton. .More precisely, 



2 

j=0 



sech 2 x 



H 5 (R;e 2a \ x \dx) 



0(e 2 ) for a G [0,2). 



Finally, let us introduce several notations. Let 

Mlx£(t)* 



Fllx«(t) : 



| e -^(-^(*)) u ||, 2 , 



„fcie(-*]f(t)) 



E 



D -k l£ \-xf(t)\ 



u \\l 2 i \\ u \\W£(t)* 



mm 

4 = 1 



u\\i 2 , 
M •-*?(*) I 



E 



mm 



,fcie|~ ajf (t)| 



We abbreviate WJ^(t) as PF n (i). For Banach spaces X and E, we denote by B{X,Y) the 
space of all linear continuous operators from X to E and abbreviate B(X,X) as B(X). We 
use a < 6 and a = 0(b) to mean that there exists a positive constant such that a < Cb. 
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2. Approximation of N-soliton like states 
Let Xi >+ (t) = Ci )+ t + 7j i+ and let u n (t) be a solution to 



(2.1) 



d t u n = JH'{u n ), 

N 

u n (n) = 53 -Xi,+ (n)). 



i=i 



In this section, we will prove uniform boundedness of u n (t) for i £ [T, n]. To apply the strong 
linear stability property in exponentially weighted spaces (Lemma \2.5\i , we will decompose 
u n into a sum of solitary waves and remainder parts following the idea of |17| . 

In view of the proof of [Ml Proposition 1], we have u n (t) € l 2 a n l 2 _ a for any < a < 2k(c\), 



where k(c\) is a solution to 



sinh k 



c\. Let and be projections defined on l 2 _ a 



(0 < a < 2k(c?)) such that P£ + Q™ = I and 

Range P£ = span.{d x u c n (• — x™), d c ii c n(- — x") 1 1 < i < k}, 
- 1 Range Q£ = span{ J~ 1 d x ii c n(- - x"), J _1 9 c n c n(- - xf) 1 1 < % < k}, 

where J is a bounded inverse of J on l\ (a > 0). That is, 



(2.2) 



J- 1 



Let (1 < k < N) be a solution of 



(2.3) 



$«fc = JH "i u k) v k + l k+ Qk JR k> 

v n k {n) = 0, 



where < = 0, < = 



(2.4) f/ n W=0, =!>»(*)(■ 



i=l 



(2.5) 
(2.6) 



P£ + <) - ff'(t^_! + wt_ x ) - H\u c n{. - xt)) - H"(UZM, 

k 

ik =E ("S^ucf (■ - o + /aa^»(- - o) ■ 



j=i 



We will choose a™ fc (i), x"(i) and c"(t) so that satisfies the symplectic orthogonality 

condition (|2.1U|) and that + w 1 ^ is a solution of (|2.ip . 
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Let 



e 2 (a c n c n(- - x"), J-^ciicnC- - x?)) e^{d x u c n{- - x"), J~ l d c u Ci {- - x?)) ) ' 



Remark 2.1. We will use exponentially weighted spaces -XT(i)* to prove Theorem 11.11 The 
weight function of X k (t)* is monotone decreasing whereas the weight function of X k {t) used 
in [T7j is monotone increasing. This is because we will solve (|1.2|) backward in time. The 
order of the decomposition of nonlinearity of (|1.2p in (|2.3p is the opposite from that in |17^ 
(2.6)]. 



SRUi) 



Let 

(S-±{RI, d xUc n(.- X f))\ 

\e^{Rl,d c u c n{--x2))) } 

(e-\vl, (H»(U£) - H"(u c n{- - xf)))d x u c n(. - X?))\ 

[S- 1 ^, (H"(U£) - H"( Uc n(. - Xf)))d c u c n(. - X?)) ) ' 

5At = AtlAlT 1 8A n k , 5R n lk = A n k {Al)- l 5R lk , 5RJ 2 l k = A n k {A n k rHR 2k . 
Lemma 2.1. Let vf (1 < i < N) be solutions of (12. 3p . Suppose 
(2.7) xf (n) = Xi, + (n), c"(n) = c ij+ , 



N 



(2.8) - £ 5 A n k I _ f J + + = 0, 

\ fc=l / \ C i X i/ i=l,...,N± k=l 

and that a™j and (3fj (^<i<k<N) are C 1 -functions satisfying 



(2 9) ' "'^ 

' ' N N 



/c=i fc=i 



where E k> N = (<%) i=i,-,2fej. • I7ien (1 < A; < iV) satisfies 

(2.io) <^(t), J- 1 a 1 .n cr(t) (- -x?(t))) = <t#(t), J-^c^wC- -xUt))) = o 

/or 1 < i < k and t £ R. Moreover, UVr + w;^ is a solution of (|2.ip . 
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Proof. Due to the symmetry of (jl.3p with respect to x and c, we have 



(2.11) cd x u c + JH"(u c )d x u c = 0, cd c d x u c + JH"(u c )d c u c = -d x u c . 

By (USD and (1231) . 

( 2 - 12 ) r Irlf } ) = - ( n f ~y {t L) 

\ ft® J k,^ W-W^ 

Differentiating (|2.10p with respect to t and substituting (|2.3p and (|2.12p into the resulting 
equations, we have for 1 < i < k, 

±(v-,J^d x u c7 (--x-(t))) 
(2-13) =( j» j-ifcti*) - <v£, (#"(t/ fc n ) - ff'W))^ c? ) 



(xj - t$){vl r X dlu cl ) + c](v n k , J~ l d c d x u cl ) = 0, 



and 



(2.14) 



±( v n,J-l dcUc7 (--x](t))) 



;n t-1« „. „\ /„,n (uiinrn\ ui'i„. _ „. _ \ i /„,« r-1; 

,n t— 1 



Since u£(rt) = 0, we have (f2~10j) . 

Finally, we will prove u n = + w 1 ^. It follows from (j2.3j) and the definition of Uk that 
for k = l,-- - ,iV, 

(2.15) + <) = + + It + £(J? - JRf), 
where f% = Y^l=i{^i 9 c u c v- — (xf — c™)d x u c n}. Hence it suffices to show 

N 

(2.16) !^ + J2( l i- P i lJR i)=°- 

i=l 

The projection Pj}(t) can be written as 

(2.17) if®/ = {s^d c u cl ,d x u cl ) j=1 ,.., k ^{Air l (v// J ~\ d : Uc *l ) 

\ £ {LJ acUc i'J i=i,-M 
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By (USD, (f2TT2l) and (I2T7|I . 



fc=l I \ ^ /i=l,...,fc| 



n 



AT 



fc=l t V* i=l,-,7Vi > 

V £_1 ^' J_1 ^)A=i,..^' 

Thus we have (|2.16p since the left hand side of (|2.16p belongs to Range(Pjy(t)). This completes 
the proof of Lemma 12.11 □ 

Lemma 2.2. Let Ci^ + be as in Theorem \1.1\ and let v%(t), c|?(i) and x^(t) (1 < k < N) be 
as in Lemma [2A[ Then there exist positive numbers Eq, 5, L$, C and no G N satisfying the 
following: Suppose e G (0,£q) and that for aT > 0, 

N 

snp sup £ (\4(t) - c fci+ | + |K(t)||^( t) . + H(t)h) < 

n>no tS[T,n] 2<k<N 

Then for every n > no, T < t < n and 1 < k < N , 

N 



(2.18) ,- 3 |c£| + |i2 - c£| < Ceh £ ||<||^ (t) + eV^), 

Ee fc ^W-^(*»( £ - 3 |a^(t)| + |^(t)|) 

(2.19) i=1 

^ikiu e(1 ,Ceik"ii^ + --'«). 



vi=l 



Proof. Lemma [2.2l can be proved in the same way as [17\ Lemma 2.5]. Since J 1 d c u c « decays 
exponentially as n — > oo, it follows from Claim [A75l that 



(2.20) A% = { 



'B X {%) if i = J, 

(B 2 (c^c^) + 0(e- k ^ x "- x 7)) if i > j, 
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where 0i(c) := dH(u c )/dc, 6> 2 (c) := (d c p c ,l)(d c r c ,l), 

3 (ci,cj) := {d c p Ci ,l){d c r Cj ,l) + (d c p Cj ,l)(d c r Ci , 1), 

^■■=[1 *X ^) '■= -(cermet - £0 2 (c) r ° 



B 2 (ci,Cj) := -e 2 6 3 (ci,Cj 



o 1 

1 0, 



We remark that the dominant part of Ak is a lower triangular matrix. 

The other part of the proof are exactly the same as that of \17\ Lemma 2.5]. □ 

Now we will estimate energy norm of vj? (1 < k < N). 

Lemma 2.3. Let Cj i+ be as in Theorem \1.1\ and let v%(t), c%(t), x^(t) (1 < k < N) and T 
be as in Lemma \2.SX Then there exist no £ N and a positive constant C such that for every 
n > uq and t € [T, n] , 

(2.21) \\v n (t)\\} 2 < C (j2(s\c?(t) -*,+ { + s-2 \K\\ wn(t) ) + s s e- k ^ d ^ , 

k 



(2.22) 



\vm\\p <CJ2[e\dt(t) - ci,+ | +e2\\v?\\ wm 

/ N 

+ Ce 3 ^ \\vf 
\i=i 



2 , p -k x ed{t) 

L 2 (t,n;W n (s)nXV<(s)*) ' e 



where d(t) = ae 2 (t — T) + e 1 L and a = \e 2 min2<i<Ar(cj i+ — Cj_i i+ ). 
Proof. First we remark that 

- xm =x^(T) - x?(T) + ^W(*) - x?(s))ds 

>e- l L + (CJ+1.+ - ci t+ - 0(6e 2 )) (t - T) 
>d(t). 

By (P2), there exists a positive constant C independent of e such that 



/V 



dH :=H{u n {t)) ~^H{i 



i=l 

N 

-H{U n N {t)+v n {t))-Y.H{u Cl 
1=1 

1 



/ 1 + / 2 + ^^(C/^,^) + 0(||^||3) 

>C"II^WIl'2+/l+/ 2 , 
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where h = {H'{U^{t)),v n {t)) and J 2 = H(U%(t)) - E^i H{u Ci + ). It follows from ([23]), the 
fact that \H'(U%(t))\ < J2?=i K"(t)(- ~ &?(*))! and Claims that 



A-l 



A 



< ^ |K|| w «( t) + O M ^ IKHw«(t) 

V k=l / 



fc=l 



A 



\h\ <Y J \Hiu cUt) )-H{u Cii+ )\ + 



i=l 
A 



A 



HiU^-Y.Hiu^-x^t)) 



i=l 



< J>(c.-,+)l<?(t) - ci,+\ + £ k?(*)(- - *?(*))«<*(*)(• - 4 (*)) 



j=i 

A 



<eJ2\cm-Ci, + \+e s e 



-k\ed(i) 



i=l 



Since dH is independent of t, 



\dH\ 



H(U r N{n))- £ H(u CiA 



Ki<N 



< £ 3 e -fci£ft(n) 



Thus we prove (|2,2ip . 

To prove (|2.22p . it suffices to show 



KWIIp < e K(t) ~ Ci )+ \ + el £ \KWw- 



?(t) 



(2.23) 



i=i 



i=l 



N 



+ ^ I ^2 \\ V i\\ 2 L 2 (t,n-,W™(s)nX"(s)*) + e 



kied(t) 



v«=l 



) 



Since J is skew-adjoint, it follows from f|2. 15|) that 



d 



(2.24) !Lnw + wt) = ( #'(£/£ + <), Zj? + £(J? - Jf Jfl?) > = £ Hi, 



i=l 



1=1 



where C/^ = - £? =1 #> c «) = Ei<ij<* O ( M" " i?)|K»(- - z*)| ) and 



Ih =Y,{H'm + wl)^), Ih = -Yl (H'(u c n),pr>JR?), 



i=l 



i=l 
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By LemmaEJand the fact that \\H'(U% + u>£)||ja = 0(ei), 

AT 

(2-25) |J/ X | <e 3 ^||^|l^(^nVK«( t )+^- fcl£d(i) . 

fc=i 

Next, we will estimate 112- Let 

Aft = H\Ut + O - H'iXJJt + <_a) - fl*(E/?K, 

Then 

Pfc = R kl + Rk2 + R k3i 

(2-26) < (K-il + 1^1)1^1, < [t^K-il, 

1^-3 1 < I^IK-ll- 

As in [13 Lemma 3.1], we have (P/ 1 J)*H'(u c «) = c™d x ii c n for j < i and (Ppj)*H'(uq. 
0(£ 3 e~ kl£ i x i~ Xi ') for j > i. Hence it follows from (|2.26|) that 

fe / fe \ 

(2.27) Ih = -Yl ^(^3,0 x u c? ) + O e 3 J]) IKII W) + e 6 ^ 1 ^ . 

i=l V i=l / 

Secondly, we will estimate -ZT3 and I/4. Since 

(2.28) ||P^J|| S ( Z i) + ||P^ J\\B(Wg{t),W£(t)*) + e ~*\\ P hA\B(w k (t),W£ l >. t )*) = 
it follows from Claim IA.21 f|2.26j) and the assumption of Lemma 12.31 that 



(2-29) \Ih\ <\\Ul mt \\ P ^ ||Pf JP?|b 2 < 

i=l 

(2-30) \II A \ <\\wt\\ wn[t) f e 3 53||<|| w „ w + e le- fel 



9 '-e<f(t) 



i=l 



By 



(2.31) 



Ih =E + 0(e-«)( £ |c?| +e 4 |xr - c-|))} 

i=i 

k 

= 53^i(cr)c™ + 0(e 6 e- fcl£d( 



i=i 
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1^6 1 ^(\\Uk,int\\w n (t) + \\ w k\\w n (t)Wk\\w n {t)* 



(2.32) 



<' 7 



i=l 

N 

<F 3 V Il7; n ll 2 , , 4- r 6 -^(a^t+L) 
fc=l 



By (JZ2QD, 

where -Efc^ is the 2k x 2A; identity matrix and is a 2{N — k) x 2k matrix whose (2j — 
l)-th row (1 < j < N) is a vector. Thus by (USD, ([236]) and the fact that 6B% k = 
0(eh- k *W\\v%\\ W n (t) ), 

(2.33) ^(efjc? = cf(R^d x u cf ) + (e 3 ^ K\\x mnWn{t) + e 6 e -*^W > ) . 

Combining (l2T24]l ~ (|2T33]l . we have 



fc=i 



(2.34) 



, at 



~ e 2^ ll Ui llxf (t)*rW™(t) + £ e 



-.6 —k 1 ed(t) 

ii iiA i "(t)*nw / "(t) 1 

i=l 

Integrating (|2,34p over [i, n], we obtain 

\H{U%{t)+wt(t))-H(U k (n))\ 



K(s)\\ 2 x^smwHs) ds + e ~ kl£d{t) )- 



Thus we have ()2.23j) in the same way as (|2.2ip . This completes the proof of Lemma 12.31 □ 

Next, we will prove virial identities of w^. 

Lemma 2.4. Let q i+ be as in Theorem \1.1\ and let v^(t), c%(t), x£(t) (1 < k < N) and T 
be as in Lemma Let a = be and ip a ^(t,x) = 1 — tanha(x — xf(t)). Then there exists a 
positive number C such that for every T <t\ < n and 1 < k < N , 

3 . 



(VVV^fc(il),W>fc(£l))z2 + ^ 2 \\wl(t)\\ L 2 (tun . W n (t)) 

(2.35) 2 / *-i 

<Ce* M\\ L 2 {tun . X n m + IKIIr»(o,T;wy(i)) + e kl£d(t) 



i=l 



Proof. Let u n = \r n ,p n ), /i(u n ) = \(p n ) 2 + y(r n ) and /i'(n n ) = * (V \r n ) , p n ) , 
H Kl = + wl) - h(Un - h'(U£) ■ wt, 



12 TETSU MIZUMACHI 

where • denotes the inner product in R 2 . Then 

-J* = - X?(h(UZ + Wl) - h{U%) - ti(Ujt) ■ 

+ {H'(Ul + wl) - H'(UJ!)^ a MUJ! + O) - ffiM.W) 

=:/ + //. 

By the mean value theorem, there exists a 6 = 6(t, n) € (0, 1) such that 

Since \\U% (u;£) 2 ||ji < e 2 (IKHx»(t)* + IK-i \\w£(t)f, we have 

I = -f (1 + 0(||<|M)||Vv<llp + 0(e 3 (||^|| X n (t) , + HtOfc-illwy^)) 2 ), 
where ^ aj j = a5 secha(:r — xf(t)). By (|2.15p and the definition of UJ}(t), we have 

II = (h\U% + wl) - H'(UJt), ^JH'm + wl) + £ ^ 4 (I? - If JR^ 

k 

+ W?, i^ajl) - J2(^,iH"(U]:)wl, JH'{u c n)) 



1=1 

6 



8=1 



where A/" fc n = £T'(L/£ + <) - H'{U%) - H"{U%)w% = 0(«) 2 ) and 

Ih = {H'(U£ + wl) - H'(UZ)^ a>i J(II>(Ui; + wl) - H'(Um, 
Ih = W, ^JH'm)}, Ih = (A/fc , w^>, 

k 

ih = y,( h '( u % + o - H'm),^), 

i=l 

k 

Ih = ~ £<tf'(E4 n + O - H'iUn^PfJR?), 
i=i 

Ih = (H"{U%)wt^ aji JUl m ) . 
Following the proof of |17t Lemma 3.3], we see that 

\Ih\ <\Ua,i{H'(U% + wl) - H'{U%))\\1(1 + 0(a 2 )) 

<||^<|| 2 2 (i + o(||<||,«) + o(s\\\v n k \\ 2 xm , + \\w k ^\\ 2 wm )), 
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whence for a 8' > 0, 

I + Ih > x ?~ 1+ 2 °( fe2 ) \\fav%\\% + Ote 3 (M\\xz(ty + K-ilk^)) 2 ) 
>5'e?\\j>a,iw%\\*2 +0(e 3 (||^|| X n (t) , + ||^ fc -l ||v^-(*)) 2 )- 
By Claims [A. 1HA.3I in Appendix lAl and Lemma 12.21 

\II 2 \ + |// 3 | + \Ih\ < e 3 W + E II^H^W j • 

In view of the formula (2.19) and Claim fATTl we have 



sup sup \\PkJ\\B(P,w^(t)*) = 0(e), sup sup \\Pk J\\ B (w k (t) w n (t)-) = °( £ 

n te[T,n] n te[T,n] v * w ' fc w y 



and 

|// 5 | + |//e| <^ 3 ( Kllx£(t)* + E Kllwy® ] ^V 2 ^. 



i=l 



'J2\\J, „ .n\\2 dHhj 



Combining the above, we obtain 

^ 2 fe<||? 2 dt 

(2.36) / fc _i n2 

Integrating f|2.36[) over [t±, n] and summing up the resulting equations for 1 < i < N, we have 
(12351) since H k;i = ||^^ || 2 2 (1 + 0(||#fc + Kill 00 ))- Thus we P rove LemmaES □ 
We use the following exponential stability property of the linearized FPU equation. 

Lemma 2.5. Let ( = \C1X2) G C 1 ^ 2 ), T n C G L 1 (T), F 1} F 2 G C(R;l 2 _ ki£ ) and let w(t) G 
C (M.;l ki£ ) be a solution of 

(2.37) d t w(t) = JH"(U k (t) + C(t))w(t) + Fi(t) + JF 2 (t). 



There exist positive numbers eq, Lq, 8\, 82, M and b satisfying the following: Suppose e G 
(0,£o)j < T\ < T2 < 00 and that 

inf min e(xj +(t) — a%-_i +(t)) > Ln, 

t£[T 1 ,T 2 }2<j<N J ' w J 

sup sup(|Ci(t,x)| +e" 1 |3 a; Ci(i,^)|) < <5i£ 2 , 

te[Ti,T 2 ] xGR 

and 

(2 I («>(*), J^dxu^ (• - xi,+(i))>| + e f I {w(t), J~ l d c u Ci + (• - xi,+(t))) I 



<0~2\\w(t)\\ X n(t)* 
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for 1 < i < k and t G [Ti,T 2 ]. Then for every t,t\ G [T!,T 2 ] satisfying t <t\, 

IK*)II W < Me6£3(t_tl) lk(*i)ll^(*i) 

+ M re te3( *- s) (||Fi( S )|U™ (s )* +^{s-t)-HF 2 {s)\\ xn{s y)d 



s. 

Proof. Let < k\ < ■ ■ ■ < k N , ji G R, Q { = ki(x - 4kft — 7$) for i = 1, . . . , N and let 
k = (kx, ■ ■ ■ ,k N ), 7 = (71, . . . ,7jv) G 1^ and 

1 



Cn 



-e 



-(Oi+Oj) 



i=l,...,N± 
3=1,-, N-^ 



k>i ~\~ J\ij 

Then ipjy(t,x;k,f) := d% log det(J + CV) is an N-soliton solution of KdV 

(2.39) d t u + d x {d 2 x u + Qu 2 ) = Q. 

Let < a < 2k\ and 

V(t,k,j) : L\ ->■ span{c> T .^jv(t,j/;fe,7), d ki <p N (t,y;k,j) : 1 < i < iV}, 

Q{t,k, 1 ) = I-V(t,k, 1 ) 

be projections associated with 

(2.40) ftu + 5 a (^t; + 12 ¥ » JV (fc,7)«) = 
such that for i> G Q(i, fc, 7) and i = 1, • • • , JV, 

;»oo 

u(a?) / d lt (p N (t,y;k,-f)dydx = 0, 



a; 

00 



/ d ki (p N (t,y;k,~f)dydx = 0. 

It follows from [17} Section 6] that for every i < s and c, xo G R, 

(2.41) \\e- a{ - ct - Xo) Q{t)v{t)\\ L 2 < e a(c - a2)( *- s) ||e- a (- cs - :C0 )Q( S )i>(s)|| L 2 

if v(t) is a solution of (|2.40|) . Applying (I2.41|) to the low frequency part of a solution to (|2.37p 
and applying a semigroup estimate 

^ e -a(n-ct) e tJfy < e (ca-2sinh(a/2))i || e -any || p for f < Qj 

to the high frequency part of the solution, we obtain Lemma 12.51 in exactly the same way as 
the proof of |17t Lemma 5.1]. □ 

Now we will estimate remainder parts of solutions u n in exponentially weighted space. 

Lemma 2.6. Let Q t + be as in Theorem \l.l\ and let Vu(t), c^(t), x^{t) (1 < k < N) and T be 
as in Lemma \2.2\ Then there exists positive constants Ai (1 < i < N) such that 

(2.42) \K(t)\\ X n it) * < Aieh~ kl£d{t) for every t G [T,n] andl<i<N. 



N-SOLITON STATES OF THE FPU LATTICES 



15 



Proof. To begin with, we will estimate difference between x^(t) and Xi t+ (t) assuming (|2.42p . 
Let Ti(n) := inf{r > T : (g3^ holds for r < t < n}. Lemma El and ([2TT81) imply that for 
te [Tx(n),n], 

e- S \%(t)\ + \±m-m\ <eH\K(t)\\wHt) +eh- k ^) 

<e 2 (jt IWWmt^m + e~ k ^ + e' k ^A 

< 2 -kxEd.it) 

whence for t £ [Ti(n),n], 

\xUt) - Xi,+ (t)\ < r (\xf(s) - c?(s)\ + f \^(r)\dr) ds 



(2-43) - ^ 

<e 2 y e - fel£d(s) ds < £- 1 e - felL , 



(2.44) 7* 

<e 2 e- k > L . 

Now we will estimate \\v^ (t)\\x n (t)* by induction. Suppose that ()2.42p holds for i < k and 
t 6 [T x (n),n]. Let C(t) = £- =1 K« w (- " " " **,+(*))}• B ^ Claim [AH (M) 

and (H3U), we have |5&C(t,a;)| ^ e~ klL e j+2 for j = 0, 1. Applying Lemma[23]to (|Z3J, we 
see that for t £ [Ti(n),n] and 1 < < N, 

KWIIxjW < /V 3 ^ (\\l n k (s)\\xz( s y + \\[Q n (s),J}R n k \\xj:(sr) ds 
(2-45) Jt ., 

+ e~-2 / e te ( t -)( 8 -*)-5||Q«( a )l^|| A]fW ,(fe. 
Jtj 

By the definition of R and (I2TT9D . 



(2 _ 46) A n ll W ^IKHW (£ IKIW) +a e -^)J 

<0 + e-*VlKllxf(t)-- 
By Lemma 12.41 and the induction hypothesis, 

/fc-i 



K-ib-(t)<^ j^||^|| i2(w(tr)+e -^)) < e i e -^*) 



vi=l 
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Hence it follows from (|2,26p that 

ll-Rfcllx™^)* ;$||-ftfcl||x£(t)* + II^Hx^t)* + \\Rk3\\x™(t)* 

d(t) , _2n. .n ii 

♦(*) 



^IKI|xp(t).(K||p + K-ilW +eh~'* ed ® +e 2 \\wl_ 1 \\ w . 



<£ 2 5\K\\x-(ty + 



£2 e 



-ki£d(t) 



Substituting the above inequalities and ||[Q"(s), </]||s(x ra (s)*) = 0(e) into (|2.45|) . we have 

IK(t)l|x»(t). 

<e§ j\ b£3 ^ s \l+e~^(s-ty^)e- kl£d ^ds 

/n 
e ^(ts) (l + £ - 2{s _ t)-l)M(8)\\ x » (s) .ds 



(2.47) 



<C l£ h- k ^ + C 2 (5 + e-^ L ) sup |K(s)|U« (s) * ; 

s£[t,n] 



where Ci and C2 are positive constants independent of n and t € [Ti (n) , n] . Thus we have 

(2.48) K(t)\\xz(ty <2C 1 ele- k ^ 

for f G [Ti(n),n] and 1 < k < N provided C 2 (5 + e~ klL ) < 1/2. Letting A k = 2Ci, we have 
T\ = T from (|2.48p . Thus we complete the proof of Lemma 12.61 □ 

Let 7" (t) := xf(t) — Ci :+ t. A system of (12 .7p and (I2.8P can be rewritten as 

W®)l<i<N± \^+Jl<i<N± 
pn ( N _ \ _1 N 

(2.49) =5i / [A%-Y, M n k E + ds 

V fc=i / fe=i 

Uiv " E ^ E + drds, 

- V fc=i / fc=i 

where £ 1 and £2 are 2iV x 2iV matrices such that 

, / x ^ i , . , x A 3 \ /o o\ 

£1 = diag(pi,...,pi), £ 2 = £ diag(p 2 ,...,p 2 ), Pi = I _ J , P2 = I I. 

Combining Lemmas 12.21 12.31 12.41 and 12.61 we obtain the following. 

Proposition 2.7. Let 0-^+ be as in Theorem Then there exist positive constants £q, 5, 
T and A such that for every k = 1, • • • , N, t E [T, n] and n > T, 

+ MWwnt) + Mh < Ash- k ^\ 

\4(t)-c k , + \+e 3 hUt)-lk, + \ < Ae 2 e- k ^\ 
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Proof. Suppose n € N is sufficiently large. Then for n > n , there exists a T n < n such that 

\v n k (t)h))<5e 2 , 



te 



f * 

SUp { |c?(t) - Ci,+ | + £(K(t)||x»(t). + 

inf m^W-^W)^. 

te[T n ,n] 2<i<N 

Lemmas 12.21 12 .31 12.41 and 12.61 imply that for t £ [T n ,n] and n > uq, 
N 

(2-50) Edl^lkW' + IKIW) + IKUfO ^ Cele- fc ^), 

k=i 

N 

(2.51) Ed^WI + e3 |^(*)D ^ Ce 2 e- k ^\ 

fc=i 

where C is a positive constant independent of n > no- By (|2.5ip . there exists a positive 
constant C such that 

(2.52) sup (|c£(t) - Cfc, + | + e 3 | 7 fc (t) - 7fc,+l) < CV e - fel£ < T «) for every n > n . 
t6[T„,n] 

In view of (I2.50P and (|2.52p . we see that T n can be chosen independently of n > uq. This 
completes the proof of Proposition 12.71 □ 

3. Existence of iV-soLiTON like solutions 

In this section, we will show that as n — > oo, a solution u n {t) of (|2.ip converges to an 
iV-soliton state, that is, a solution of (jl.2p that tends to a sum of iV-solitary waves as t — > oo. 
To begin with, we introduce several notations. Let 

\\ u \\Y n (t) ■= sup e 2 , \\u\\ Zk>n (t) ■= sup e^~\\u(s)\\ x ^( s y, 

s£[t,n] sE[t,n] 

5c™> n (t) = ct(t) - cm, hT' n (t) = iTit) - iW), 

6v™> n (t) = v^(t) - vlitl 5wZ' n (t) = wf(t) - 

5u™> n (t) = Ucm {- - x?(*)) - u cm (- - xi(t)i 8u™' n (t) = u^t) - um 

First, we will prove that {c^}^ =1 and {^}"^ = i are Cauchy sequences assuming that {v^} is a 
Cauchy sequence in a weighted space. 

Lemma 3.1. There exist an no 6 N and positive constants C and T such that for any 
m > n > no and t 6 [T, n\, 

sup e\ k ^\\5c^ n { S )\+e^ n {s)\) 

s£[t,n] 



/fc-1 N 
\i=l j=l 



(*)> 
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Proof. By the definition, \8B^ k — 6R™ k \ < If- + Ilk, where 

k 

h =\\R n k y Y.^W d * 5u T' n W^ + ^H^r (■ - x ?) - - 

1=1 

3 fc 

life - /^||p E ( £-4 H^(- - + Z~ l \\dcU c n{- - 2?)||,-) . 

3=1 i=l 

By Claim |A7T| we have 

(3.1) \d^n cT (- - x?) - d«dlu c n{. - X f)\ < e^(\5cT' n \ + e^^e^-^ 
In view of Proposition 12.71 (I2.26j) and (]3.ip . we have 

N 

(3.2) 4 < e-^« e (i^r(t)i + ■ 

i=i 

Next we will estimate Ilk- By the mean value theorem, we have 
R n kl = I / + + + 

JO JO 

and it follows that 

i^i - <m?knwI + nh) + + ki) 

+ k n l(K-il + k n l)W n l- 

Similarly, we have 



(3.4) \Rf 2 - RU <|^ m -lH<l + l^-ill^'" 1 

(3.5) |J2£ " R n ks\ <ks?|l*Cil + K-ilWl + \ w k-l\\ u ™ k \\ SU T-i\- 
Substituting (13. If) into the above and using Proposition 12. 7\ we obtain 

W^-kl ~ -ttfcllU 1 

<Edi«nip + ikiip)E ii^iip + E w Ei^n +^7n 



i=l i=l i=l i=l 

<e-^^{ e i||^»[|p+^(|^»| +e »[5^»|)} f 



i=i 



ll*B - RM» <ee~ k ^) ^(\ScT' n \ + a^l), 

i=l 



m,n 

1=1 8=1 
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Combining the above, we obtain 

k— 1 k 

(3.6) II k < e\ \\SvT' n \\p + £(1^1 + e 8 W""!)- 



i=l 



i=l 



It follows from Proposition 12,71 and (|3.ip that 

\$ R 2k ~ $ R 2k\ 



(3.7) 



i=i 

x ^(e- 4 !!^^'"!!^ + e- l \\d c u cT {. - x?) - d c u c n(- - Xi )\\ P ) 
i=i 

< e -k ied{t) (eH8v^ n \\ P +J2(\K ,n \+^T' n \)) , 



and 



N 



(3.8) 



\A^-A n N \+J2\^T-SA r k ' 

k=l 

N 

^2^{ £ ^k \ + £ \ 6c k \ + e 2 IK 

k=l 

Combining (12^91) . (I3~6|) . ([3l)|)-(|3Ji]), we have 

\dt5^ n (t) - 5cZ' n (t)\ + e~ 3 \d t 5c™> n (t)\ < e~ k ^ ^(\5c?' n \ + e 3 \5^ 



m,n II 

IJ k Wxnty j ■ 



N 



(3.9) 



i=l 



,J i llA7(t)*n; 2 



i=l 



Integrating the above on [t, n] and using e 3 J™ e k i £d ( s )ds < e fc i £d (*) ( we have 



'(*)-/ 5c fe ' ( s ) ds 



< 



i5 C r>)i+a<hr>)i + 
/fe-i 



sup (i5cr( S )i+ £ 3 iH m ' n ^)i) 



s£[t,n] 



V 



(t)nz iin {t) ■ 



J=i 



8=1 



Now Lemma 13 . 1 1 follows immediately from the above since 

\6<%> n (n)\ + e 3 \S^' n (n)\ < e \~^n) 



by Proposition [27 
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Next we will show that {v^}^ ( L 1 is a Cauchy sequence in exponentially weighted spaces if 
it is a Cauchy sequence in the energy space. 

Lemma 3.2. There exist positive constants C, b, T and an no € N such that for any m > 
n > uq and t E [T, n], 

WK' n h k>n (t) <Ceh-fr«™ + C (j2 \\K' n \\Y^) + e-h- k ^) ST \\5vr> n \\ Yn(t) ) . 

\i=l i=l / 

By Lemmas 13.11 and 13.21 we have the following. 
Corollary 3.3. 

sup e^^WdU^is)^ <e- L 2 sup e^ s )(|fc™>"( s )| + s 3 \S^' n (s)\) 

s€[t,n] se[t,n] 

fe-1 N 

<sh-^(n) + \\SvT' n \\Y n (t) + e-h- k ^m £ \\Sv? n \\ Yn(t) . 

1=1 1=1 
Proof of Lemma \3.2l In view of (|2.17p and Lemma 13.11 

k 



i=i 



Thus by Lemma 12.61 we have 

\\P^t)Sv^ n (t)\\x^ty =\\(P k n ~ PnvT\\x m * 



(3 ' U) <e-l^(eh-^^ + ^\\K' l!v,, ;ill z,,,n 



m,n i 



\ i=l 

Now we will estimate \\Q k (t)Sv k n ' n (t)\\x^ (t)* by using Lemma [2?5l By (12.3 
(3.12) d t (Qpv™> n ) = JH"{U%)Q n k 5v™> n + I + II + III + IV, 



where 



I=Ql5v^ n -[JH"{U^Q n k ]5v^\ 
II =QtJ(H"{Un-H"{U%))v k n , 

in =QUW-m = (PZ l -PX, 
iv =QUQ k n JK-Q n k JR n k) 

-Lj k J{K k - K k ) - {P k - f k }F k JK k . 
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We decompose as 7 as 7 = l\ + 7 2 + 7 3 + 7 4 and 



n d 

(e d c u c n,d x u c n) j=lj ... ik _+— {AD 



7 2 
4 



-(e d c u c n,d x u c y)j=i,---,k^(<Ak) 



m-i K 4 «' n ,Ai2«-An«) 



e- 1 (^,A 22 (z)-A 21 (i)) 



*4 



=J(e 3 (A 22 (j) - A 21 (j)), A 12 (j) - A u 0-))i=i,...,fc-> 
= - (e 3 d c u c n,d x u c n) j=1 ... jk ^ (£ 2 {At)- 1 + {AD^E- 



e 4 (5v™' n ,J 1 d x u c ™) 



8=1,"' 



where 



Au(i) = ^J- 1 ^^ + (c? - X?) J-^ticf, 
A 21 (i) = cfJ-^Uc? + (c™ - A?) J-^^ticn, 

By (jZISD , we have 



A 12 (i) = (F"(C/ fc n ) - H"(u c n))d x u c? , 
A 22 « = (77"(£/ fe n ) - H"{u cf ))d c u cf . 



(3.13) 
Indeed, 



0(e 3 e 



3„— AielaJ 1 — as?| 



if * / j, 



0(e 3 e- fel£d W) if» = j. 



-(^(•-xD^-^^^.-x^)} 

+ (c n 3 - x]){d cUc7 (- - x?), J- X d x d c u cl {- 

+ (d cUc? (- - X?),H"(«cn(. - ^))a c «cn(. 

- <if> c? (- - x?))a cUc? (- - x^d c u cl {- 



*?)) 



*?)> 

- 4)) 

- *?)> 



+ (cfr^W- -*?)), W- -x?)) - (tfr^/rw. -*?)), w- -xD), 



and 



eft 



(3 C « C? (- - x?), J^dcuA- - x")) = 0(ee 



— k\e\xf — 



follows from (|2.18p . Claim p\T2l and the fact that H"(u c ) — I = 0(u c ). We can compute other 
components of 4fAfj in the same way. By (|2.20p and (|3.13p . we have 



(3.14) 



17 



< e 3 e~ kl£ 



d{t) \\K' n \\x m - 
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By Lemma 12.21 Proposition 12.71 and Claim DUTl 

e-^IIAnllx^) + ||A 12 || x „ (t) ) + ||A 21 || x ™ (t) + ||A 22 || x . (t) < e f e ^- fc ) e -^M 
e-^IIAnllx^t)* + l|Ai2||x« W + l|A 2 i|| w + l|A 22 || x?(t) « < £ f e *i^-**) e -^(*). 
Hence it follows that 

(3-15) \\h\\x W * + ||/s|| W < e'e-^WSvZ^Wx^ty. 

In view of (|2.20p . we see that the first order terms of I4 cancel each other out and 

(3.16) \\l4xj; { tr<e 3 e- k ^\\5vZ> n \\x m - 
Lemmas 12.61 and 13.11 imply 

\\{H"{U^)-H"{U^))vnx m * 

<E(i^ri+ e 3 i^ri)ibriu ?(i ). 



( n 

< £ 2 e -| feiec( ( t ) £ l e -l kl ed(n) + \\6v™' n 



Y n (t)nZ iin {t) 

i=l j 



By Lemma ELS EH and (fBTTUD . 

/ jv N 

V 1=1 / 

By Proposition 12.71 Lemma [3TTI and 

k 



\\m - R n kl \\ xm <M\w m e ii fo r"iip + wn w E 

i=l i=l 

+ Kii w EiKii^(i 5c r ,n i+ e3 i^r' n i) 



*j=i 



\\m - RUx m * <eh- k ^ E(i^r ,n i + a^ri) 

1=1 

<£ 2 e-§^> ^ | e -^ l£d{n) +Ell^rily4 t )nz l! „( t )') , 



i=i 
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II pm pn || 
\\ u k3 ~ n k3\\X£(t)* 

^ii^Hp + \\<-i\\p jz^ n \ 

i=l 

<? e -fr«m jg \\6wr> n \\r n (t) + e- kl£d(t) (W^) + jh \\SvT' n \\Y n{t) n ZiAt) ) } ■ 
By <^T2U\i and Proposition 

\\ e -kie(--x%(t)) R n\\ l < £ 3 e -k l£ d(t)_ 



Thus by (|3.10p and the fact that \\Pk l ^W B (x n {t)* e* 1 ^"^*"* 1 ) = ^( £2 )' we ^ ave 

||(Pr - P%)P?JRT\\xwy < e 3 e-l k ^ Ui e -^««») + E [l^lkw^wj ■ 

Combining the above with Lemma 12.51 we see that for t E [T, n], 

\\Q n k(t)6v™' n (t)\\x m < e h£3 ^ n) \\Ql{n)5vZ' n (n)\\ xnnY 

(fe-l N \ 

e f e -i»!«K») + £ 3 £ ||^ nk(t) + e f g - W ) £ ||^ |k(i)nZi ^ 
1=1 1=1 / 

e fe £ 3 (t-,) ^ + (£ 3 (s _ e - 5 fe l£ d(,) ds _ 

Thus we have Lemma E2] from ([33ID and ([318]). □ 
Secondly, we will prove that {v^}^ =1 is a Cauchy sequence sequence in the energy space. 



Lemma 3.4. There exist an no € N and a C > suc/z £/ia£ /or any m > n > uq and t G [T, n], 

/ jfc-l TV \ 

" x ' y i iiy n (t) 



\ i=l i=l 

Proof. Let 

5 2 tf = H'(C/^ + O " H'{U% + wt) - H"m + wt)[5U^ n + Sw™> n ), 
k k 

5n = % - it + Ear - *?) - E(^ m Ji? r - ^wo- 
i=i i=i 

Then 

+ = JH"(XJl + ' n + 6w™' n ) + J5 2 H + 5iV, 
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and we have 
d 



dt (H"(U r k l )(5U^ n + 5w^ n ),8U^ n + 5w^ n ) 
--2{H"{U^){5U^ n + 5w™' n ), JH"{U% + w n k ){5U™> n + 5w^ n )) 
+ 2{H"(UF)(5U™> n + 5w™> n ), J5 2 H) + 2(H" {U'£){5U™' n + 5w™' n ), 5N) 



+ ^ [jH"m)\ (6U™> n + 8w™> n ), 5U^ n + 8v%>' 
=:I + II + III + IV. 
Using the skew-adjointness of J and Proposition 12, 7} we have 



|/| <2\\H"(U% + wt) - H"(UmB(iz)\\SU™> n + 5w? n \\ 2 p 
(3-19) 3 

„— feied(t) ll XTT m : n i £„.. m i n ll2 



Proposition 12.71 and Corollary 13.31 imply 

(3.20) \II\ < \\5U™> n + 5wZ' n \\f 2 < sh- k ^\\5U™' n + 6w™> n \$- 

Next, we will estimate In view of Lemma 13. II and (|3.9p . we have 
e \^)(\ dt 5c™> n \ +e 3 \dt6j™' n - 8c^ n \) 

fk-l / N 

U=l V i=l 

Combining the above with (|2.12p . (|3.7p and (|3.8p . we obtain 

/ N 

\ i=i 

Thus we have 

/ k \ 



;m m 



\ i=i / 

fc-l / N \ 

i=l V i=l / 

By Proposition E2] and (|33]) -([33D. 

Wi - RtiWwut) ^ ^ e " fcl£d(i) (H^r*ill^w + \\K' n \\ww), 
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and 

II pm r>n || 
\\ H kZ ~ n k3\\W£(t) 

(fc-l / N x 

< £ 2 e -i fel£d (t) £ ||^|| yn(t) + e -*x««*) £ § e -^M + £ \\SvT' n \\y n (t)n Zi , n (t) 
U=i V i=i 

in the same way as the proof of Lemma I3T21 Since \\K% \\yy h (t)* ~ £ 3 e~ fcierf (*) and 

ll- F f- 7 llfl(wy(t),wy(t)*) + e_5 H i ^ riJ llij(H7-( f ),H/™(t)*) = 

e^lK-Ff 1 - ff )^llB(w™(t),W™(t)*) + \\{ p ™ ~ P i ) J \\B{w™(t),w™{t)*) 

/ N \ 



< e -^«i(t) £ | e -^fci«i(«) + ^ |j^™' n |k 



fc=i / 



it follows that 

|| pm jr>m _ pn jr>n\ 



<\\(p™ - PnJR?\\wz(t)* + \\P?J{R? - R?)\\w m * 

{fc-l / AT " 

E W^T' n \\Y n (t) + e- fel£ ^ eie" + £ 1 1 ^f" Ik 

Thus we have 

|///| <||«/^ n + 5<' n || w - W ||5JV|| w » (t) . 



i=l 

N 



(3.21) 

Since |||ff"(C/ fe n )llB(^( W (^) = 0( £ 3 ), 

(3.22) l^l^^w + ^niwrw 

By Lemma l3T2"l Corollary 13.31 and the fact that ||^(t)||w^™(t) < \\ v k(t)\\x£(t)* , 

\\!;TTm,n . j m,nii2 

fc-i 

^- \ ii r m,ni|2 i nr Wi,nn2 , njrrr 

^2^W Sv i I'/ 2 + n \\xz(ty + W su ; 



(3.23) 



T m,n | x Tl,n||2 
fc-l 

j-m,n ||2 
i=l 

fc-l JV 

m,n ||2 

Vn(*)' 

1=1 



< £ 3 e -fc l£ (d(t)+d(n)) + ^ e -kied(t)^ Sv m,n^ +£ -l e -3k 1 ed(t) £ 
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Combining (|3.19j) (|3.23j) . we obtain 



dt 



{H"{U%){5U%' n + 6w™> n ), 5U^ n + 5w^ n ) 



k-l 



(3.24) <eh- kl£d{t) \\SU^ n + 5w^ n \\l + E ^ie(d(t)+d(n)) + £ 3 e - kl ed(t) \\5v™' n (t)\\l n 



(*) 



1=1 



N 



+£ z e -y™<mj2\\6v?> n \ 



2 

Y„(t)- 



i=l 



Integrating (|3,24p over [t,n], we have 

\ + 0(e-h~ k ^)) \\6U? n (jt) + 6wp n (t)\\ 2 p 



(3.25) 



k-l 



N 



^e-^^+e-^*)^!!^^,,^^, B .^„^ ||yn(t) . 

i=l i=l 

Combining the above with Corollary |3.3l we have Lemma [3.4i Thus we complete the proof. □ 

Now we are in position to prove existence of iV-soliton states. 

Proof of the former part of Theorem \l.l\ Bv l3.1l[3T2"1 and [3"T4"j there exist positive constant C 
and no £ N such that 



N 

(3.26) £ e l*i«W {e*\\6vZ> n (t)\\p + \5c™' n (t)\ + e 3 \5 7 ™' n (t)\} < Ce~\ k ^ n 

k=l 

for every m > n > uq and t £ [T, n] . Therefore 

v k {t) = lim t#(t), c fe (i) = lim c£(i), Tfc(t) = lim 7 £(t) 
exist for every t >T and it follows from Proposition 12.71 that 

(3.27) ^||^(t)|| i2 + | Cfc (i)-c fc , + |+e 3 | 7fc (t)-7 fc , + | <^e 2 e- fcl£d W 



for every 1 < k < N and t >T, where A is a constant independent of t. Moreover, 

N 

u(t,n) := ^ { u c k (t)(n - c k:+ t - j k (t)) +v k (t,n)) 
k=l 

is a solution of (II. 2|) . In view of (13.270 . 

N 



k=l 



I 2 



N 



<^2\\vk(t)h + \\u Ck(t) (- - C k ,+t - i k (t)) ~u Ck+ {- - C k)+ t - J k ,+) 



fc=l 



< e l e -kl£d{t) 



Thus we prove existence of a solution to (jl.2p satisfying (|1.4p . 



□ 
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4. Uniqueness 

In this section, we will prove uniqueness of a solution of (jl.2p that converges to a sum of N 
solitary waves as t — > oo. First, we will prove that an asymptotic iV-soliton state converges 
to a sum of N solitary waves as t —¥ oo if it is sufficiently small. 

Proposition 4.1. Let k N > ■ ■ ■ > fa > 0, c i)+ = 1 + and el/orl <i< N. There 
exists a positive number £q such that if e G (0,£o) and u(t) is a solution of f)1.2|) satisfying 
||I2l!, &en {13) ZioZds for a /3 > 0. 

To prove Proposition l4.lt we will decompose u(t) as in Section [2j Let 

N 



U N ,+ (t) = 53«c*,+ (- - Cj,+* - 7i,+) 



=i 



and let uon(^) and Vk n (t) (I < k < N) be solutions of 

(a t v$ = jH'(v$), 



(4.1) 

and 
(4.2) 



\ Von(n) = u(n) - U N)+ (n), 

d t vt = jH»(U2(tM + i n k+ Q n k(t)JR n k, 

vUn) = 0, 



where w% = Ei=o< {0 < k < N), UJ!, and l\ are defined as ([13]), (|23|) and ([22]) 
and acf(t), cf(t), ctf k (t), (3? k (t) are solutions of PTf jl - p^ . Then as in Sectional we have 
n(i) = U^(t) + w^(t) for every n G N. Moreover, following the proof of |17} Lemmas 4.1 and 
4.2], we see that there exist no G N and T > such that the decomposition above exists for 
every t G [T, n] and n > uq. 



Lemma 4.2. Assume that Cj+ and T 6e as in Theorem \l.l\ Let u{t) be a solution of (|1.2p 
satisfying (jl.4|) and lei and (1 < i < iV) 6e solutions of (|4.ip and (|4.2[) . respectively. 
Suppose that xf and cf (1 < i < N) are solutions of (|2.7p and (|2.8p and i/iai and f3^ 
(l<i<k<N) are C 1 -functions satisfying (|2.9p . T/ien u = If-fa + and v k satisfies (|2.10p 
for 1 < i < k < N. 

Furthermore, there exist a positive constant A and an no G N such that for n > no, t G [T, n] 
and 1 < k < N, 

\cl(t)\+e*\xt(t)-cl{t)\<Asl (y\K(t)\\ Wn(t) +sh- k ^A , 




N 



\8£(t)\ +e 3 \x n k (t)\ <Ae2[J2 \K (t)\\w^t) + ^ e 



3 fcied(t) 



vi=0 
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and 



(4.3) 



dt 



{4(t) {i-e l {ct{t))- 1 {w n k _ l {ti Pcl(t) ))} 



N 



i=l 



,.n/-t\l|2 



i WIIW(i)nX fc (i) 



+ e e 



3 -2fe 1 ed(t) 



where p c = d x (cd x + J) 1 (H'(u c ) — u c ). 

Proof. Except for (|4.3p , Lemma 14.21 can be shown in exactly the same way as Lemmas 12.11 
andES 

Since f)4.3f) can be shown in the same way as Lemma 2.2 in [17] ; we only give an outline of 
the proof. As in the proofs of [17^ Lemmas 2.2 and 2.5] and (|2.33j) . we have 



h(c-)c-- C f(I^,d xUc n)\<S 3 [Kf wr 



(t) 



N \ 
, || ni|2 , 3 -fcied(t) 

fc=l / 



R n k , = {H"(u cl )-I)wl_ l+ Y, 0(\wU\(K\\ul\ + \wU\)), 



and 



l<i, j<k 



«_!, - i)d x ui) + " 4)) 



iV 



6 — k\ed(t) 



k=l 



Combining the above, we obtain f|4. 3[) . 

The following energy estimates of v^(t) can be shown in the same way as Lemma 



□ 



Lemma 4.3. Let u(t) and v™{t) (0 < i < N) be as in Lemma \4.<!\ and let Ci^ and T be as in 
Theorem Then there exist an no € N and a C > such that for n > uq and t € [T, n] , 



N 



N 



\v n (t)\\l 



\ v i \\W n (t) + e e 



3 — fcied(t) 



i=l 



i=0 



V i=l i=0 / 



V 



eiki 



2 , „-fcied(t) 

L 2 (t,tiiW"(s)nX"(s)*) e 



fori <k<N. 



vi=l 



We have the following local energy estimates for large n. 
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Lemma 4.4. Let v^it) be a solution of (|4.ip . Then there exists a positive constant C such 
that for every n € N, 

3 

sup||t#(t)||ja +e2\\v^\\ L 2 { W n (t)) < C\\v${n)\\i2. 

tern 

Lemma 4.5. Let u(t) and v™(t) (0 < i < N) be as in Lemma \4-2\ and let Ci^ and T be as 
in Theorem li.il Then there exist hq E N and a positive constant C such that for n > uq, 
h G [T, n] and 1 < k < N, 

3 

('0fcie ) iVWfc(*l),U#(i 1 ))j2 +£2||«;fe|| £ a( tlin . W -»(t)) 

^fcll^ (tl!n;X «(t)*) +^IKIlL2(t 1)rl ;W fe "(t)) +e- fcie ^ 1 M , 

IK(*l)IU«( tl ) +^IKIU 2 (ti,n;X«(t)) < (lK-lllL2( tl ,n;W«(*)) +e~ fcl£d(tl) ) . 

Since Lemmas 14.41 and 14.51 can be proved in the same way as [17} Lemma 3.2] and Lemmas 
12.41 and 12.61 we omit the proof. Now we are in position to prove Proposition 14.11 

Proof of Proposition \4-l\ Lemmas 14.21 and 14.41 imply that for 1 < k < N and t € [T, n] , 

(4-4) IK(t)lk«(t)nx»(*)* +^M(t)\\ L 2 {t>n . Wn{s)nX u {sr) < C(|K(n)|| P +eie- fcl£d W), 

where C is a positive constant independent of n > uq. It follows from (|4.3|) . Claim [AT41 and 
the above that 



3 



e-'\4(t) - c h+ \ <e-HH(n)y + \\wt_M\w~V)) 

N N 
(4- 5 ) + y] \\ V ?\\L 2 (t.n:W n (s)) + ll V flll 2 [ r t.n:X!HfO*') + e fcl£ ^ 



i=0 i=l 

3 



<^2(||<(n)|| /2 +e2 e -^W) 
for every t £ [T, n] and n > uq and it follows from Lemma 14.31 that 

(4.6) \\vm\\l<eHH(n)\\ P +eh- k ^). 
Moreover, Lemma 14.21 and ()4.4p imply that 

(4.7) \cUt)\ +e 3 \xUt) -cf(t)\ < el(W(n)\\ P +eh-K*W), 

(4.8) |c?(t)|+ e 3 |x»(t)|< £ l(||<(n)|b 2 + £ le- fe ^)). 

Let I be a compact subinterval of [T, oo). By (|4.5p - (|4.8p and the assumption (|1.4|) . we see 
that xi(t) and c^(t) are bounded in C 2 (I). Thus by Arzela's theorem, there exit subsequences 
{ c fc J (*)}j=i> { x fe J (*)}j=i an d C 1 -functions Cfc(i) and c&(i) such that for any compact interval 
/c[T,oo), 

lim \\c n k °{t) - c k (t)\\ C im = lim - x fc (i)|| c i (jr) = 0. 
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Since lim^o*, ||i#(n)||p = 0, it follows from (|3~6j) and flUT]) that for 1 < k < N and t > T, 

N 

limsupYJ H(t)\\p < eie-^W, \c k (t)\ + e 3 |x fc (i) - c k (t)\ < ^e"^*). 



Thus there exist real constants Cfc i+ and ^k,+ such that 
(4.9) \c k (t) - c fc ,+ | + e 3 |x fc (t) - c k ,+t - 7fc,+ | < eV* 1 " 4 ®. 

Let Efy+(t) = E£i «£*.+ (■ " - 7fc,+)- By 
||«(t)-C^, + (t)|| ja 

JV JV 

< lim V ||u n d (• - x n k 3 (t)) - u Sk + (• - c k)+ t - %+)y + lim sup V \\v^ (t) || { 2 

JV 

<e~5 ^ (| Cfc (t) - c k ,+ \ + e 3 \x k (t) - c kj+ t - %+\) + £ le~ kl£d ^ 

k=l 

< | -kied(t) 

Combining (|1.4j) and the above, we have 

||E^, + (t)-t^, + (t)|| w(t) 

<||«(t) - E/)v,+(i)||ja + ||«(t) - Cfjv,+(t)||w(0 ^ as t oo, 

and U]v :+ (t) = Upf } +(t). This completes the proof of Proposition 14.11 □ 

Finally, we will prove the uniqueness of solutions to (|1.2p that satisfy (|1.4|) . 

Proof of of the latter part of Theorem \l.l\ Let u(i) and u(i) be solutions of (ll.2p satisfying 
(fL4j) . By Proposition El 

||«(t) - Efr,+(t)||, a + \\u{t) - U N& {t)y = 0(eh- k ^). 

First we decompose u(t) in the same way as u(t). Let 



i(t, ■) = vj« cl(t) (. - xi{t)) + SfcC*. ■)» 



iV 

fc=l fc=0 

where UQ n (i) and v kn {t) (1 < < iV) are solutions of 

a t u£ = JH'(v%), uon(n) = u(n) - U N>+ (n), 
d t v n k = JH"(Ul{t))v n k + Z£ + Q^(t) J^, t£(n) = 0, 

< = Eto< ^ fc > o, I7o(t) = o, ul{t) = Eti^w(- - n®) fOT fc > i. 



R k (t) = H'(U' k + wl) - H'{U'U + wt_ x ) - H'{u^{- - x n k )) - H ff (U'M, 

k 

TO = E (^(t)d c u ent) (. - x n k (t)) + m)d x u ent) (- - x n k (t))] 
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and xf(t), cf(t), a^ k (t) and j3f k (t) are chosen in the same way as xf(t), cf(t), a™ k {t) and /%.(£)• 
Then u{t) = U%(t) + w^(t), x£(n) = c k>+ n + j k}+ , c£(n) = c k)+ , 

(v%(t), J- l d x u, m {- -xf(t))) = {vl{t),J- l d c u, m {--x-(t))) = 

for 1 < i < k < N and t E [T,n]. 

Let 5c k = c k — c^, Sj k = x'1 — x k , 5v k = v k — v% and 5w k = w k - w k . Proposition 14. II and 
Lemma [4.41 imply that there exist a C > and an no € N such that for t E [T, n] and n > uq, 

\Slk(t)\ < Ce-^-* 1 ^*) and 

(4.10) sup(K(t)|| ia + K(t)|| P ) < H(n)\\ P + ||tff(n)|| ja < Get e ~ k ^ n \ 

t 

Following the proof of Lemmas 13.14 13.21 and 13.41 and making use of (|4.10p , we see that there 
exists a positive constant C such that for n > no and t € [T,n], 

sup e^^)(|^( S )|+e 3 |J 7fc ™( S )|) 

s£[t,n] 

/fc-1 N \ 

< Ce 2 e -i fcl£ ,(n) +£7e i J ||^|| Fn(t) + e"^ E Wlk(t)n*, n <t) > 

\i=l i=l / 



'fc-1 AT 

n £..n n 

»(*) 



and 



\j=l i=l 

fc-1 AT 



IIKIIkw * c £3e " fcl£d(n) + E IKHkw + E IIKIIkw • 

V i=i i=i / 

Combining the above, we have for every t G [T, n] and n > no, 

+ e 3 |<5 7 ^(t)| + e l||^(i)|| P < 

Therefore 

sup ||n(s) — n(s)||;2 

s£[t,n] 

/ N N \ 

< sup Eii fe fc( s )ii' 2 + Eii Uc fe( s )('~ x ^ s ))~ n5 fc( s )('~ s ^ s ))ii' 2 

S6[t,n] \ k=Q k=1 J 

<C e l e -| fc i £d ( n ) ) 

where C is a positive constant independent of n > no- Letting n — > oo, we have 

sup \\u(t) — u(t)\\i2 = 0. 

t>T 

Thus we complete the proof of Theorem 11.11 □ 
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Appendix A. Size of u c and p c 



In this section, we recollect estimates on the size of solitary waves u c and the size of 
interaction between solitary waves for the sake of self-containedness. See [T71 Appendix A] 
for the proof. 

Claim A.l. Let c = 1 + f\e 2 , a € (^e, |e) and let i and j be nonnegative integers. Then 

o(e§ + *- 2 a ||j- 1 4^ c || z2 _ a = o( e 5+ i - 2 ^), 

--0(e 2+i -V), ||J- 1 4^ c ||^ n ^ a = 0( £ 1 +^). 
Claim A. 2. Let < k\ < k 2 and a € [0, |e). Then there exists an e* > such that if 



%d 3 c u c\\pni 2 



\d l x d ] c u c \\ioo nl c 



k 2 e 2 

£ € (0, £*) and q = 1 H — ^— for i = 1, 2, 



x!)^ 2 af 2 u Cl (--x 2 ) 



0(e 



4+ai+a2-2(/3i+/3 2 )„-fcia]a:2(t)-a:i(t)| 



H^flf^ciO - X l) d x 2 dc 2 U Cl (- ~ X 2 )\\ll = 0( e 3+ Q i+Q2-2(/3 1 +/3 2 ) e -fc 1 a|x 2 (t)-a ;i ( f )|^ 

Claim A. 3. Let a x ,- ■ ■ ,a N el and I = {Eili &i a i : < ^ < 1 /or 1 < i < A}. Suppose 
f e C 2 {R) and /(0) = 0. Then 



<sup|/"(x)|^ 



/( E a *) - E /( c 

l<i<JV l<i<7V 

Claim A.4. Let a G [0,2fcie). T/ien 

ll^'Pcll^ +II^Pc||^ 2 =0(ef + ^'), 

(A Q, LI Q, 

\\dit%p c \\ llnl 2 + || J^PcWi-m- = 0{e 2+i ^). 

Claim A. 5. Lei a > and u = (u\,U2) € Z 2 ^, i> = (t>i,t>2) € ^ 2 J be an inverse 
operator of J defined as (|2,2p . Then 



and as I — > oo, 



fc=i 



(u, J- 1 e w v) =0{a- 1 e- al \ 



k=l 



U \\llJ V \\l 2 „, 



{u, .r l e~ ld v) = -(«i,l)(«2,l) - (n 2 ,l}(fi,l) + 0(a- 1 e- a '|M| i 2jM| Z 2). 
Furthermore, (u, J~ l u) = — l)(ti2, 1) if u £ I 2 Pi l 2 _ a . 
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